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I analyse the size and power of bubble detection tests derived from sim-
plified present value relationships. Fundamental value is generated by an
estimated present value model in which dividend growth, discount rates and
volatility are time varying. I find that, under the null hypothesis of price
being equal to fundamental value, no time series based test allows for cor-
rect inference under conventional critical values. When trading off size and
power, tests for periodically explosive growth minimize maximal regret and
have highest power for most parameter configurations.

1. Introduction

In recent years, rational bubbles have become more prominent in macroeconomic mod-
els.1 The decision of whether to think of an asset price as containing a bubble or
not should be guided by empirical findings. Inference about a bubble is, regrettably,
not straightforward, since fundamental value is unobserved. The prevalent economet-
ric approach is therefore to test auxiliary hypotheses that are easier to evaluate than
fundamental value. I evaluate four common procedures: tests for explosive (Diba and
Grossman, 1988) or periodically explosive (Phillips et al., 2011) price growth, tests for
cointegration between prices and dividends (Campbell and Shiller, 1987) and variance
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and by participants of several workshops and conferences. An earlier version of this paper was titled
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Gambetti (2015).

1

mailto:matthias.schmidtblaicher@eui.eu


ratio tests (Shiller, 1981; Cochrane, 1992, 2011). In the following, I will refer to these
tests of auxiliary hypotheses as “bubble tests”.

Empirical evidence on the performance of bubble tests is mixed. On the one hand, tests
for periodically explosive growth identify some historical episodes that are conventionally
considered bubble episodes (Phillips et al., 2011; Phillips and Yu, 2011). On the other
hand, Giglio et al. (2016) show that inference drawn from tests for explosive growth
or cointegration contradicts findings from more direct tests of the fundamental value
hypothesis. Comparing bubble tests, some tests seem to discover bubbles more frequently
than others. For instance, tests for periodically explosive growth detect statistically
significant bubble characteristics in a variety of asset classes (Phillips and Yu, 2011),
while a variance ratio test applied to a broad stock market index finds no evidence for
bubbles (Cochrane, 2011). In this paper, I improve the understanding of these conflicting
findings by eliciting the size and power properties of different bubble tests.

The reason why a bubble test might provide incorrect inference is that it is derived under
a specific asset pricing model and therefore suffers from the joint hypothesis problem
first described by Fama (1970) in the context of market efficiency tests: we cannot be
sure that a rejection is a rejection of the fundamental value hypothesis because it could
simply be a rejection of the specific model for fundamental value. Tests for explosive or
periodically explosive growth rely on dividends being a martingale and the discount rate
being constant. Cointegration tests require a constant discount rate. The variance ratio
test by Cochrane (1992, 2011) allows for time variation in both dividend growth and
discount rate, but it requires the computation of long horizon regressions. These regres-
sions are difficult. In this paper, I evaluate the joint hypothesis problem by applying the
tests to prices that are generated by a flexible asset pricing model with time variation
in dividend growth, the discount rate and in volatility. These generalizations are central
to most of modern asset pricing and a bubble test should be robust to them.

When applying the tests to fundamental prices generated from the general present value
model, I find that neither cointegration tests nor tests for explosive growth carry out
correct inference. The failure of cointegration tests is due to time variation in the dis-
count rate, reproducing the finding by Timmermann (1995). As for tests of periodically
explosive growth, about 80% of their overrejections can be attributed to time varying
dividend growth, and about 20% to a time varying discount rate. Tests for periodi-
cally explosive growth appear to be robust to time varying volatility, however, mirroring
findings by Phillips et al. (2015a).

While inference under conventional critical values is misleading, bubble test statistics
may still inform about bubbles. To assess this claim, I introduce a simple bubble model
and evaluate the trade-off between size and power. I find that, for most parameter
configurations, tests for periodically explosive growth have the highest power when con-
trolling size. In terms of maximal regret loss, tests for periodically explosive growth are
far superior to the other tests. Tests for periodically explosive growth therefore show
the most promise among the considered tests. In ongoing work, I am investigating a
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mechanism to control size of tests for periodically explosive growth that does not require
the estimation of an economic model.

The rest of the paper is organized as follows: Section 2 recapitulates the theory of
bubbles and of auxiliary hypotheses for bubble tests. Section 3 introduces the present
value model and Section 4 explains the estimation approach. The specifications of the
different bubble tests are introduced in Section 5. Section 6 reports the results from
simulations under the null hypothesis. Section 7 evaluates the tests both under the null
and the alternative. Section ?? concludes. Technical derivations and robustness checks
are in the appendix.

2. Tests for bubbles and tests of auxiliary hypotheses

Consider an infinitely lived asset with price Pt and dividend Dt. The expected return
or discount rate over the next period is

Ret = Et
[
Pt+1 +Dt+1

Pt

]
. (1)

Rearranging and iterating forward yields

Pt = Et

[ ∞∑
i=1

Dt+i∏i−1
j=0R

e
t+j

]
+Bt. (2)

If we have limi→∞ Et

[
Pt+i∏i−1
j=0R

e
t+j

]
= 0, then the price will be equal to the sum of

discounted future dividend payments or fundamental value,

Ft = Et

[ ∞∑
i=1

Dt+i∏i−1
j=0R

e
t+j

]
. (3)

More generally, solutions are given by

Pt = Ft +Bt

where Bt is the bubble component. It obeys

RetBt = Et[Bt+1]. (4)

We want to test the hypotheses

{H0 : Bt = 0 ∀t} vs. {H1 : Bt > 0 for some t}. (5)

This test is hard to perform because Ft is not observed. Various tests of auxiliary
hypotheses have therefore been proposed. In the following, I will refer to H0 as the
“fundamental hypothesis” and to H1 as the “bubble hypothesis’.

3



2.1. Explosive growth

Since the discount rate is larger than one, (4) implies that Bt grows at the rate aBt :=
Ret > 1. Tests for explosive growth (Diba and Grossman, 1988) therefore check for
explosive growth in the observed price:

{Hex
0 : at = 1 ∀t} vs. {Hex

1 : at > 1 for some t} (6)

where at is the expected growth rate of Pt, at =
Et[Pt+1]

Pt
. As Diba and Grossman

(1988) elaborate, without further assumptions on Ft, this test can only be used in a
contrapositive manner: if we accept Hex

0 , we can accept the fundamental hypothesis
because the presence of a bubble necessitates explosive price growth. Rejection of Hex

0 ,
on the other hand, does not imply rejection of the fundamental hypothesis because Ft
may grow explosively. I next illustrate the latter point.

Maintaining that the fundamental hypothesis holds, the expected growth rate of funda-
mental prices is given by

aFt =
Et[Ft+1]

Ft
= Ret −

Et[Dt+1]

Ft
, (7)

using (3). If the discount rate is constant Ret = R > 1 and dividends follow a martingale,

we will have Ft = R−1Dt
1−R−1 and therefore aFt = 1. More generally, aFt can take values larger

than one. As an example, consider the discount rate process

Ret+1 − R̄e = ϕ(Ret − R̄e) + νt+1, Et[νt+1] = 0

and let dividends be independent of Ret with expected growth rate G: Et[Dt+i] = GiDt.
Linearizing (3) around R̄e (see Timmermann, 1995, and Appendix A.1), we get

aFt =
EtFt+1

Ft
≈ G(γ − ϕ(Rt − R̄e))

γ − (Rt − R̄e)

in a region around R̄e, with γ = 1
ϕ

(R̄e)
2

G

(
1− ϕ G

R̄e

)
. First, consider the case when

Rt = R̄e. Then, we will have aFt > 1 ifG > 1, so dividend growth implies a submartingale
in fundamental prices. Second, letting G = 1 but letting Rt > R̄e also implies aFt > 1.
If discount rates are above their mean, they will fall, which will drive up prices.2 Hence,
associating a rejection of Hex

0 with a rejection of the fundamental hypothesis presupposes
both a constant discount rate and no submartingale in the dividend process.

2A similar mechanism is explored in Phillips and Yu (2011).
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2.2. Cointegration between prices and dividends

Under the fundamental hypothesis and a constant discount rate, (see Campbell and
Shiller, 1987, and A.2 in the Appendix), we can rewrite (3) as

Ft −
R−1

1−R−1
Dt =

1

1−R−1

∞∑
i=1

Et
[
R−i∆Dt+i

]
. (8)

If dividends are integrated of order one (I(1)), the right-hand side of (8) will be I(0). In

that case, Dt and Ft are cointegrated with cointegrating vector
(

1,− R−1

1−R−1

)
. On the

other hand, if prices contain a bubble, we will have

Pt −
R−1

1−R−1
Dt =

1

1−R−1

∞∑
i=1

Et
[
R−i∆Dt+i

]
+Bt (9)

where, by (4), Bt is non-stationary. Under constant discount rates, a valid auxiliary test
for a bubble is therefore

{Hci
0 : (Pt, Ft)

′ 6∼ CI(1, 1)} vs. {Hci
1 : (Pt, Ft)

′ ∼ CI(1, 1)}. (10)

Note that the null hypothesis of no cointegration Hci
0 corresponds to the bubble hypoth-

esis and that Hci
1 corresponds to the fundamental hypothesis.

2.3. Variance ratio test

Cochrane (1992) derives a second order approximation to the present value relation-
ship,

Var(PD t) =
1

1− Ω

∞∑
j=1

ΩjCov(PD t,∆dt+j)−
1

1− Ω

∞∑
j=1

ΩjCov(PD t, rt+j), (11)

where Ω = eE[∆dt]−E[rt]. Dividing by Var(PD t), we have

1 =
1

1− Ω

∞∑
j=1

Ωjβdj −
1

1− Ω

∞∑
j=1

Ωjβrj ,

where βij is the coefficient of a univariate regression of the j’th lead of variable i ∈ {d, r}
on PD t. Under the bubble hypothesis, we have

1 >
1

1− Ω

∞∑
j=1

Ωjβdj −
1

1− Ω

∞∑
j=1

Ωjβrj ,
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maintaining that Cov(PD t, Bt) > 0. A test of the fundamental hypothesis in this frame-
work is therefore given by

Hvdlev
0 :

1

1− Ω

∞∑
j=1

Ωj
(
βdj − βrj

)
= 1 vs. Hvdlev

1 :
1

1− Ω

∞∑
j=1

Ωj
(
βdj − βrj

)
< 1. (12)

Unlike the tests for explosive growth or cointegration, the variance ratio test explicitly
allows for a time varying discount rate. Cochrane (2011) derives an analogous test in
logs that uses the Campbell and Shiller (1988) return approximation, which I describe
in A.3 in the Appendix.

The relative merits of the discussed tests in evaluating the fundamental hypothesis is
unclear. In order to draw inference about the presence of a bubble, the test for explosive
growth relies on a constant discount rate and a martingale in dividends. The cointe-
gration test assumes a constant discount rate. The variance ratio test allows for a time
varying discount rate, but is based on an approximation and requires computations of
long horizon regressions. Accordingly, the analytical viewpoint cannot determine which
of the tests should be preferred. I therefore compare the tests using simulated data,
generated by a flexible present value relationship. The present value model is described
next.

3. Model

Dividend growth ∆dt = logDt − logDt−1 and the log discount rate ret = log(Ret ) follow
first order autoregressive processes with heteroscedastic innovations,

∆dt+1 = µd + ϕd(∆dt − µd) + σd
√
htεd,t+1 (13)

ret+1 = µr + ϕr(r
e
t − µr) + σr

√
htεr,t+1. (14)

A period is one month. The conditional variance evolves as

ht+1 = α(1− β)ε2h,t+1 + βht. (15)

We also observe a proxy of the latent variance process,

RVt+1 = γ + ht+1 + σrv εrv ,t+1. (16)

The distributional assumption is

(εd,t+1, εr,t+1, εh,t+1, εrv ,t+1)′|Ft ∼ N (0, I4)

and the parameters are further restricted as (ϕd, ϕr, β)′ ∈ (−1, 1)3 and (σd, σr, α, σrv )′ >
0.

I now discuss the modelling choice. First, both dividend growth and the discount rate are
allowed to exhibit persistence. Persistence in the discount rate is key for a present value
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model to describe asset price data (see e.g. Cochrane, 2011). Dividend growth is often
modelled as white noise. Recent empirical evidence (Van Binsbergen and Koijen, 2010;
Schorfheide et al., 2014) however points at persistence in dividend growth, so I allow for
it. The conditional variance (15) resembles the functional form of a GARCH. It differs
from a GARCH in two ways: first, εh,t is an independent shock rather than a residual,
so (15) is parameter driven rather than observation driven. Second, the innovations to
ht are homoscedastic. I use (15) to model the conditional variance because it ensures a
positive ht while allowing for a tractable price expression. Lastly, (16) defines a linear
measurement equation for the realized variance RV t as a proxy of ht.

In deriving expressions for the fundamental price dividend ratio, I follow Ang and Liu
(2004). B.1 in the appendix verifies that the fundamental price dividend ratio can be
written as

Ft
Dt

=

∞∑
i=1

exp(ai + bd,i∆dt + br,ir
e
t + ciht), (17)

where the coefficients obey the recursions

ai+1 = ai + (bd,i + 1)µd(1− ϕd) + br,iµr(1− ϕr) + ciτ(1− β)− 0.5 log(1− 2ciα(1− β))

(18)

(19)

bd,i+1 = (bd,i + 1)ϕd (20)

br,i+1 = br,iϕr − 1 (21)

ci+1 = (0.5bd,i + 1)2σ2
d + 0.5b2r,iσ

2
r + ciβ (22)

with initial conditions a1 = µd(1− ϕd), bd,1 = ϕd,br,1 = −1 and c1 = 0.5σ2
d. Conditions

for the existence of (17) are derived in B.2 and the strategy for approximating the infinite
recursion is explained in B.3 in the appendix.

4. Estimation

Estimation is not straightforward for at least three reasons: first, the discount rate is
unobserved, precluding direct estimation of the transition equations. Second, the mea-
surement equation (17) is nonlinear, so Kalman filtering as in Van Binsbergen and Koijen
(2010) is not feasible. Third, dividends are highly seasonal and their non-seasonal com-
ponent needs to be inferred from yearly aggregates. To overcome these complications,
I use the Simulated Score Method (Gallant and Tauchen, 1996). First, an auxiliary
model or score generator is fitted to the data, yielding auxiliary parameter estimates η̂.
Second, estimates of the present value model parameters, θ̂, are chosen to minimize a
quadratic form of the first order conditions of the score generator at η̂ when computed
on simulated data.
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4.1. Data

The monthly realized measure RV t is computed from daily ex-dividend returns of the
value-weighted NYSE index from 1926 to 2016 as obtained from the Center for Research
in Security Prices (CRSP). All further data on returns and dividends are taken from
the annual dataset for the same index and time period. Inflation data are taken from
Federal Reserve Economic Data (FRED). For details, see C.1 in the Appendix.

Dividends are only an incomplete measure of a stock’s cash flow since they do not include
share repurchases. As Boudoukh et al. (2007) document, the ratio of repurchases to total
net payouts was only about 50% after the early 1980’s. To allow for a broader definition
of cash flow, I use net payouts as computed by Boudoukh et al. (2007) as an alternative
dividend measure. The data are taken from Michael Robert’s homepage. Results using
this alternative dataset are reported in E.1 in the appendix.

4.2. Score generator

I next present the score generator. Realized variance RV t is described by an ARMA
type observation driven model,

gt = η0RV t−1 + η1gt−1

RV t = η2 + gt + η3vt; vt ∼ N (0, 1).
(23)

The model closely resembles (15) and (16), with the difference that, in (23), the latent
variable is observation driven. (23) can be seen as a linear Realized GARCH (Hansen
et al., 2012) with a measurement equation for RV t only.

The second part of the score generator is an annual VAR in returns and log price-dividend
ratios, as in a standard return forecasting VAR (Campbell, 1991),(

rat
pdat

)
=

(
η4

η5

)
+

(
η7 η8

η9 η10

)(
rat−12

pdat−12

)
+

(
u1,t

u2,t

)
,

(
u1,t

u2,t

)
∼ N

(
0,

(
η11 η12

η12 η13

))
,

(24)
where t ∈ {12, 24, . . .}, rat is the cumulative return over the year and pdat is the ratio of
the price at t with respect to the dividends over the previous year. When computing
yearly dividend measures from monthly simulated data, I follow the construction of the
CRSP in assuming that dividends are reinvested over the year (Chen, 2009). For all
formulas for transformation and aggregation of model output, see C.2 in the appendix.
For the expressions of the scores, see C.3 in the appendix.
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4.3. Simulated Score method

In the estimation, I first obtain the score generator by fitting the two auxiliary models,
(23) and (24), to the data.3 Afterwards, estimation proceeds in two stages. Denote the
parameters of the auxiliary models as η1 = (η0, η1, η2, η3)′ and η2 = (η4, η5, . . . η13)′. In
the first stage, the volatility parameters θ1 = (α, β, γ, σrv)

′ are determined. For that
purpose, I simulate from (15) and (16) and compute the scores with respect to (23):

m1(RV ∗, η̂1,θ1) =

√
n

B

12B∑
t=1

st(RV
∗
t |RV ∗t−1, η̂1). (25)

RV ∗ is the stacked sequence of {RV t}12B
t=1 , B is the length of the simulation in years

and

st(RV
∗
t |RV ∗t−1, η̂1) =

∂`(RV ∗t |RV ∗t−1, η̂1)

∂η1
.

θ̂1 is then chosen to minimize the quadratic form

Qn(θ1) = m1(RV ∗, η̂1,θ1)′W1m1(RV ∗, η̂1,θ1). (26)

To simplify notation, dependence of the criterion on RV ∗ and η̂1 is omitted. The weight-
ing matrixW1 is the inverse of an estimate of the long-run variance of st(RV

∗
t |RV ∗t−1, η̂1).

In the second stage, I simulate from (13), (14), (15) and (17) and compute the scores
with respect to (24),

m2(Y ∗, η̂2,θ2, θ̂1) =

√
n

B

∑
t∈{12,24,
...,12B}

st(y
∗
t |Y ∗t−1, η̂2), (27)

where Y ∗ are the simulated data and

st(y
∗
t |Y ∗t−1, η̂2) =

∂`(yt|Yt−1; η̂2)

∂η2
.

Estimates of the remaining parameters of the DGP θ2 = (µd, µr, ϕd, ϕr, σd, σr)
′ are

chosen to minimize

Qn(θ2) = m2(Y ∗, η̂2,θ2, θ̂1)′W2m2(Y ∗, η̂2,θ2, θ̂1). (28)

W2 is the inverse of an estimate of the long-run variance of st(y
∗
t |Y ∗t−1, η̂2). Standard

errors for the two-stage procedure are derived in C.4 and computational aspects of the
estimation are discussed in C.5 in the appendix.

3For a detailed exposition of the Simulated Score procedure, see Gallant and Tauchen (2010).
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4.4. Estimates

The estimates are:

∆dt+1 = 0.0022
(0.0009)

+ 0.9552
(0.0316)

(∆dt − 0.0022
(0.0009)

) + 0.0219
(0.0544)

√
htεd,t+1 (29)

ret+1 = 0.0071
(0.0012)

+ 0.9970
(0.0029)

(ret − 0.0071
(0.0012)

) + 0.0023
(0.0058)

√
htεr,t+1 (30)

ht+1 = 0.0080
(0.0023)

(1− 0.7442
(0.0825)

)ε2h,t+1 + 0.7442
(0.0825)

ht (31)

RVt+1 = −0.0056
(0.0021)

+ ht+1 + 0.0024
(0.0008)

εrv ,t+1. (32)

The discount rate is highly persistent and less volatile than dividend growth. Dividend
growth is also persistent, but much less so than the discount rate. Time varying volatility
is moderately persistent, in line with the behaviour of monthly realized variance. The
model fits the score generator well: the p-value of the Sargan-Hansen test for overiden-
tifying restrictions in the second stage is 0.45. The first stage parameters are exactly
identified.

The closest quantitative comparison to these estimates is Van Binsbergen and Koijen
(2010), who estimate a log-linearized, homoscedastic version of the present value rela-
tionship on a shorter sample period. The estimated annualized expected return here is
8.5%, statistically indistinguishable to the 8.6% that they obtain in the case of market-
reinvested dividends. The annualized dividend growth rate here is 2.7%, compared to
6.0% in their paper. The likely reason for the latter discrepancy is that, in my model,
reinvested dividends accumulate over the year at the realized market return.4

5. Test specifications

I now describe the procedures implemented to test the auxiliary hypotheses (6), (10)
and (12).

4Van Binsbergen and Koijen (2010) model dividend reinvestment through positive correlation between
dividend growth and the unexpected component of the return. In contrast, the reinvestment procedure
as detailed in C.5 in the Appendix reinvests dividends at the realized return, which includes both
the expected return and the innovation in the return. Since the expected return is positive, for a
given dividend growth process, reinvested dividends over the year are higher with the reinvestment
strategy that I use.
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5.1. ADF test

Diba and Grossman (1988) propose to test Hex
0 versus Hex

1 in (6) by testing for βADF > 0
in the Augmented Dickey Fuller regression (ADF):

∆Pt = αADF + βADFPt−1 +

k∑
i=1

φADF
i ∆Pt−i + εADF

t , εADF
t ∼ i.i.d. (33)

(33) includes an intercept but no time trend, as recommended by Phillips et al. (2014).
Following the results by Phillips et al. (2015a), I set k = 0. In the appendix, I
also report results for picking the specification with the lowest BIC and letting k =
round(12(n/100)0.25) with n the number of time periods and round(·) the nearest integer
function. I run (33) both on price levels and log prices. Critical values are interpolated
from Table 4.2 in Banerjee et al. (1993).

5.2. SADF test

The arguably most prominent test for explosive growth is the SADF test (Phillips et al.,
2011). The reason is that it has been found to have power against periodic explosive
episodes created by a bubble that crashes from time to time. The simple test (33), on
the other hand, has low power against those episodes (Evans, 1991). The statistic of the
SADF test is the supremum over t-statistics of estimate of βADF in (33) for a fraction
of the sample τ = brnc, with r ∈ [r0, 1],

SADF = sup
r∈[r0,1]

ADFr. (34)

I use the same range of specifications as for the ADF test. The starting value of the
recursion is set to round(0.01n+1.8

√
n), following Phillips et al. (2015b). Critical values

are interpolated from Table 1 in their paper. For computational speed, I use recursive
formulas to compute the least squares coefficients, which are reported in D.1 in the
appendix.

5.3. Cointegration test

The cointegration test employs the two step procedure by Engle and Granger (1987). In
the first stage, estimate

Pt = αCI + βCIDt + ut, ut ∼ i.i.d.

by OLS and obtain the residuals ût. Next, run the ADF regression without drift on the
residual,

∆ût = βCIût +

k∑
i=1

φCI
i ∆ût−i + εCI

t , εCI
t ∼ i.i.d. (35)
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A test of (10) takes the form of testing βCI = 0 against the alternative βCI < 0. Note
that (35) does not contain a drift term, as implied by (8). Critical values are therefore
the same ones as for an ADF regression without drift.5 I also test for a cointegrating
relationships in the logarithm of prices and dividends. The specification for the test in
logs is described in D.2 in the appendix. Critical values are computed from the response
surface estimates of MacKinnon (2010).

5.4. Variance ratio test

Following Cochrane (2011), I compute covariances from the parametric specification rt
∆dt
PD t

 =

 ar
ad
apd

+

 br
bd
bpd

PD t−1 +

 ur,t
ud,t
upd ,t

 ,

 ur,t
ud,t
upd ,t

 ∼ N (0,Σpd
)
. (36)

The sums of regression coefficients in (12) are given in simple closed form as

1

1− Ω

∞∑
j=1

(
Ωjβdj − Ωjβrj

)
=

(bd − br)Ω
(1− Ωbpd)(1− Ω)

.

Cochrane (1992, 2011) does not provide critical values. I therefore use the variance
bound test only in the analysis under both the fundamental and the bubble hypothesis,
where I set the critical values.

6. Performance of tests under the fundamental hypothesis

In this section, I evaluate how well the auxiliary hypotheses correspond to the fun-
damental hypothesis. I apply the bubble tests described in Section 5 to fundamental
prices generated by the estimated present value model, using conventional critical values.

6.1. Simulations

To compute rejection frequencies, I simulate 50, 000 sequences of different lengths from
the model and apply the tests at their respective five percent level critical values. The
tests use both levels and logarithms of prices. To mimic the seasonality in dividend data,
observed dividends are computed as a twelve-month moving average of the dividends in
model output. I do not use the variance ratio test here because there are no critical
values for it.

5For a detailed discussion of the specification of (35), see Timmermann (1995).
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Table 1 reports rejection frequencies, in percentage points, under the fundamental hy-
pothesis. Rows correspond to sample size and columns correspond to the different tests.
Capitalized letters refer to tests in levels while lowercase letters denote logarithms. Tests
for explosive growth should accept, since their null hypothesis corresponds to the fun-
damental hypothesis. Conversely, the cointegration test should reject, since its null
hypothesis corresponds to the bubble hypothesis. The table shows that none of the tests
permits adequate inference: tests for explosive growth reject more often than their nom-
inal level, and the cointegration test has low power against the bubble hypothesis.

Applying the tests to logarithms reduces rejection frequencies for all tests. This might
suggest that explosive growth tests fare better when applied to the logarithm of prices.
Taking logarithms, however, also reduces power. Section 7 documents that using lev-
els and logarithms yield essentially the same size power trade-off. Power simulations
reported elsewhere typically use price levels under the alternative. The relevant bench-
marks to those numbers are therefore the higher rejection frequencies of the explosive
growth tests in levels. For the cointegration test, using logarithms of prices and dividends
exacerbates undersizing. The latter finding has been reported previously by Timmer-
mann (1995). In E.2 in the appendix, I report rejection frequencies under different lag

Table 1: Rejection frequencies under H0 at five percent level

Explosive growth tests

ADF SADF Cointegration test

n levels logs levels logs levels logs

100 9 6 21 7 55 11
250 13 7 39 8 67 12
500 18 9 60 9 80 20

Rejection frequencies are reported in percentage points. The desired decision of the tests for explosive
growth is non-rejection, the desired decision of the cointegration tests is rejection.

length selection procedures for k. Using higher lags of k does not decrease rejection
frequencies of tests for explosive growth, mirroring the finding by Phillips et al. (2015b),
nor does it increase rejection frequencies for the cointegration test.

6.2. Drivers of over- and under-rejection

To check which features of the DGP impair inference, I rerun the simulations under
restricted parameterizations and the corresponding pricing coefficients (19) through (22).
In the first restricted parameterization, dividend growth is white noise. The second also
restricts the discount rate to be constant. In the third, innovations are restricted to be
homoscedastic, additionally to the first two restrictions. For pricing coefficients in the
latter case, see B.1 in the appendix.

Table 2 displays rejection frequencies under the different specifications. I first discuss
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the tests for explosive growth: letting dividend growth be white noise decreases rejection
frequencies of all explosive growth tests, to the extent that the full sample ADF test
undersizes. Rejection frequencies for the SADF test are still too high under the first
restriction. Imposing a constant discount rate leads to rejection frequencies close to
nominal size for all explosive growth tests. Conditional heteroscedasticity only has a
small impact on the size of the SADF test. The latter finding is in line with that of
Phillips et al. (2015a), even though the variance process enters the pricing equation as
a state variable here. Regarding the cointegration test in levels, under-rejections can
be entirely attributed to the time varying discount rate, which again conforms with
Timmermann (1995).

Table 2: Rejection frequencies at the five percent level under parameter restrictions

Explosive growth tests

ADF SADF Cointegration test

restriction n levels logs levels logs levels logs

(1): µd = ϕd = 0
100 4 4 9 6 51 12
250 3 3 11 6 53 10
500 2 2 14 5 56 10

(2): (1) & ϕr = σr = 0
100 5 5 7 7 98 26
250 5 5 6 6 100 98
500 5 5 6 6 100 100

(3): (2) & constant ht

100 5 5 5 5 100 100
250 5 5 5 5 100 100
500 5 5 5 5 100 100

Rejection frequencies are reported in percentage points. Capitalized letters denote tests in levels, low-
ercase letters denote tests in logarithms. The desired decision of the tests for explosive growth is non-
rejection, the desired decision of the cointegration tests is rejection.

The results in this section have shown that, under the general fundamental price process,
tests for explosive growth and the cointegration test do not allow for correct inference.
For the tests for explosive growth, over-rejections are mostly due dividend growth dy-
namics. The cointegration test under-rejects because of discount rate dynamics. In the
next section, I evaluate the tests under both the null and the alternative in order to see
if they can still distinguish between fundamental behaviour and bubbles.

7. Performance of the tests under the fundamental and the bubble
hypothesis

The simulations under the fundamental hypothesis have shown that inference from bub-
ble tests at conventional critical values is likely misleading. Time variation in discount
rates and in dividend growth rates not only contradict the simplifying assumptions that
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bubble tests make, but also have a quantitative impact on the distributions of test
statistics.

In this section, I investigate whether the considered test statistics still provide informa-
tion about bubbles, even when fundamental prices are generated from the flexible model.
Heuristically, this seems to be the case. First, regarding explosive growth tests, we have
from (7) that the growth rate of fundamental price is

aFt =

(
1− EtDt+1

Ft

)
Ret < Ret = aBt .

Fundamental price grows at a smaller rate than the bubble, so too large a price growth
statistic may still be indicative of a bubble. Second, for cointegration tests, while the
cointegrating relationship (8) does not hold under time varying discount rates, fun-
damental price dividend ratios are stationary, contrary to bubbly price dividend ratios.
Examining the stationarity of residuals in a regression of prices on dividends could there-
fore still be worthwhile. Finally, the variance ratio test takes time variation in discount
rates and dividend growth into account by construction.

7.1. Bubble process

To evaluate power, a process for the bubble needs to be specified. The bubble process
is

Bt+1 = θt+1π
−1 (RetBt −B¯ ) +B

¯
, (37)

where θt+1 is a Bernoulli random variable with parameter π ∈ [0, 1] and B
¯
> 0. Bt

fulfills (4) as well as the additional requirement that a bubble should be prone to periodic
collapses (Blanchard and Watson, 1982). I set the initial value, B0, equal to B

¯
.

7.2. Simulations

I fix the level of each test at five percent by adjusting the critical value. Power is com-
puted from Type 2 error rates at the corresponding critical value. Computing Type 2
errors requires parameter values of the bubble process. I deal with this dependence on
nuisance parameters by simulating the DGP for a range of values for B

¯
and π. Specifi-

cally, I let π ∈ {0.50, 0.70, 0.90, 0.95, 0.99} and B
¯
∈ {0.01F0, 0.25F0, 0.50F0, 0.75F0, F0},

where F0 is the initial value of the fundamental price. Regarding sample size, I again
consider n ∈ {100, 250, 500}. To ease comparison between the tests, the cointegration
test is reformulated such that its null hypothesis corresponds to the fundamental hy-
pothesis. The null is accepted when the cointegration statistic is below the five percent
critical value and rejected otherwise.

Tables 3, 4 and 5 show Type 2 error rates for sample sizes of 100, 250 and 500, respec-
tively. Rows correspond to configurations of B

¯
and π and columns correspond to the
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different tests. To interpret the tables, note that a Type 2 error rate of 95% corresponds
to the test statistic being of no value in distinguishing between the fundamental and the
bubble hypothesis while a lower value shows that the test has power. The lowest Type
2 error rate for each configuration is displayed in boldface. We can discern the follow-
ing patterns: in general, Type 2 error rates decrease as sample size increases or as B

¯
,

which governs the size of the bubble component, increases. Second, all tests except the
SADF test and the VD test have power smaller than level for some configurations and
are therefore biased. Third, no test uniformly dominates the others. Still, Type 2 error
rates are mostly lower for the SADF test, except in some cases where the probability of
a bubble collapse is small.

A more concise measure of relative performance of the test is maximum regret. Regret
is the difference between the Type 2 error rate of a test and the Type 2 error rate of the
infeasible most powerful test. Table 6 displays maximum regret, the maximal regret of
the tests across configurations. All tests except the SADF test in levels or logarithms
bring high maximum regret.
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Table 3: Type 2 error rates, n = 100

Explosive growth

ADF SADF Cointegration Variance ratio

B
¯
/F0 π level logs level logs level logs level logs

0.01

.50 95 95 95 95 95 95 95 95

.70 95 95 94 94 95 95 95 95

.90 95 95 94 95 95 95 95 95

.95 95 95 95 95 95 95 95 95

.99 95 95 95 95 95 95 95 95

0.25

.50 97 97 86 86 97 97 94 98

.70 96 97 83 84 97 97 94 97

.90 95 95 81 82 95 95 93 94

.95 91 92 84 84 92 94 90 95

.99 87 88 91 91 89 94 87 94

0.50

.50 97 97 81 80 98 98 94 99

.70 97 97 77 77 97 98 93 98

.90 95 95 72 72 95 96 91 95

.95 90 91 75 74 91 94 87 97

.99 79 81 86 84 83 94 76 95

0.75

.50 98 98 77 76 98 98 92 99

.70 97 98 72 72 98 98 92 98

.90 95 95 66 66 95 96 89 97

.95 89 90 68 68 90 94 84 98

.99 72 75 79 78 79 94 68 95

1.00

.50 98 98 75 73 98 98 91 99

.70 98 98 69 68 98 98 90 99

.90 94 95 62 62 95 96 87 98

.95 89 90 63 62 90 94 82 98

.99 68 71 74 73 77 93 63 95

Type 2 error rates are reported in percentage points. A combination of B
¯
/F0 and π represents a

configuration of the bubble process. The remaining parameters are fixed at their estimates from Section 4.
The lowest Type 2 error rate for a configuration corresponds to the highest power and is identified by
boldface letters. Capitalized letters denote tests in levels, lowercase letters denote tests in logarithms.
The cointegration test is reformulated such that rejection corresponds to rejection of the fundamental
hypothesis.

17



Table 4: Type 2 error rates, n = 250

Explosive growth

ADF SADF Cointegration Variance ratio

B
¯
/F0 π level logs level logs level logs level logs

0.01

.50 95 95 94 94 95 95 95 95

.70 95 95 94 94 95 95 95 95

.90 95 95 94 94 95 95 95 95

.95 95 95 94 94 95 95 95 95

.99 94 94 95 95 94 95 94 95

0.25

.50 97 97 84 83 97 98 92 98

.70 97 97 80 79 97 98 92 98

.90 96 97 75 75 96 97 91 93

.95 95 96 76 75 95 96 89 90

.99 82 84 78 80 82 89 79 93

0.50

.50 98 98 78 76 98 99 90 99

.70 98 98 72 71 98 99 90 99

.90 97 97 65 65 97 97 88 94

.95 95 96 65 64 95 96 86 90

.99 78 81 67 69 78 88 72 93

0.75

.50 98 98 73 71 99 99 89 99

.70 98 98 67 66 98 99 88 99

.90 97 98 59 58 97 98 86 95

.95 95 96 58 57 95 96 83 92

.99 77 79 60 62 77 87 68 94

1.00

.50 99 99 70 67 99 99 87 100

.70 98 99 63 62 99 99 87 99

.90 97 98 55 54 97 98 84 96

.95 95 96 54 51 95 96 81 94

.99 76 79 55 56 76 86 65 95

Type 2 error rates are reported in percentage points. A combination of B
¯
/F0 and π represents a

configuration of the bubble process. The remaining parameters are fixed at their estimates from Section 4.
The lowest Type 2 error rate for a configuration corresponds to the highest power and is identified by
boldface letters. Capitalized letters denote tests in levels, lowercase letters denote tests in logarithms.
The cointegration test is reformulated such that rejection corresponds to rejection of the fundamental
hypothesis.
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Table 5: Type 2 error rates, n = 500

Explosive growth

ADF SADF Cointegration Variance ratio

B
¯
/F0 π level logs level logs level logs level logs

0.01

.50 95 95 94 94 95 95 95 95

.70 95 95 94 94 95 95 95 95

.90 95 95 93 93 95 95 94 95

.95 95 95 93 93 95 95 94 94

.99 93 94 92 93 93 93 92 93

0.25

.50 97 97 84 82 97 98 89 98

.70 97 97 78 78 97 98 89 98

.90 97 98 73 73 97 98 87 93

.95 96 97 71 71 96 97 86 88

.99 89 91 68 72 87 87 76 85

0.50

.50 98 98 77 74 98 99 86 99

.70 98 98 70 70 98 99 86 99

.90 97 98 63 63 98 98 84 94

.95 97 98 61 60 97 98 82 88

.99 87 91 57 62 86 86 70 87

0.75

.50 98 99 72 70 99 99 84 99

.70 98 99 64 64 99 99 84 99

.90 98 99 57 57 98 99 82 95

.95 97 98 54 53 97 98 79 89

.99 87 90 51 55 85 85 66 90

1.00

.50 98 99 68 66 99 99 83 100

.70 98 99 60 61 99 99 82 99

.90 98 99 54 54 98 99 80 96

.95 97 98 50 49 97 98 77 91

.99 87 90 46 50 85 85 62 92

Type 2 error rates are reported in percentage points. A combination of B
¯
/F0 and π represents a

configuration of the bubble process. The remaining parameters are fixed at their estimates from Section 4.
The lowest Type 2 error rate for a configuration corresponds to the highest power and is identified by
boldface letters. Capitalized letters denote tests in levels, lowercase letters denote tests in logarithms.
The cointegration test is reformulated such that rejection corresponds to rejection of the fundamental
hypothesis.
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Table 6: Maximum regret

Explosive growth

ADF SADF Cointegration Variance ratio

n level logs level logs level logs level logs

100 33 33 11 10 33 35 25 37
250 44 45 2 2 44 45 30 43
500 48 49 2 5 48 49 28 46

For a given configuration, regret is the difference between the Type 2 error rate of a test and the Type 2
error rate of the test with highest power. The table displays the maximum regret over configurations of
the DGP. Capitalized letters denote tests in levels, lowercase letters denote tests in logarithms. Boldface
letters identify the test with smallest maximum regret for a given sample size.

The results of this section imply that bubble tests can be useful in distinguishing between
the null and the alternative, even when fundamental prices are generated by a flexible
model. The SADF test, while not uniformly most powerful, is the most promising among
the considered tests.

8. Conclusion

At least since the work by Shiller (1981), the hypothesis that stock market prices are
equal to the present value of dividends has been contested. Much work on testing
this hypothesis has focused on running auxiliary tests that are less demanding than
estimating the present value of dividends directly.

In this work, I have shown that, under fairly standard assumptions about the data
generating process, no auxiliary test provides correct inference using standard critical
values. There is also evidence, however, that tests for periodically explosive growth have
the highest power in distinguishing between fundamental prices and bubbles. In ongoing
work, I evaluate procedures that allow for robust inference in tests for explosive growth
and do not require the estimation of a present value model.
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A. Derivations related to the auxiliary hypotheses

A.1. Fundamental price growth in linearized model

Linearize (3) inside the expectation operator around the mean expected return R̄e:

Ft ≈ Et

 ∞∑
i=1

(
R̄e
)−i

Dt+i +

∞∑
i=1

∂Ft
∂Ret+i

∣∣∣∣
Re

t+i=R̄
e

(Ret+i − R̄e)

 .
Using that Ret+i − R̄e = ϕ(Ret − R̄e) + εrt+i with Et[εrt+i] = 0 and that Et[Dt+i] = GiDt,
Dt independent of Ret and G < Ret ,

∂Ft
∂Ret+i

∣∣∣∣
Re

t+i=R̄
e

= − Dt

1− G
R̄e

(G)i+1(
R̄e
)i+2

,

so the approximation becomes

Ft ≈
∞∑
i=1

(
G

R̄e

)−i
Dt −

Dt

1− G
R̄e

G(
R̄e
)2 ∞∑

i=1

(G)i(
R̄e
)iϕi(Ret − R̄e)

=
Dt

1− G
R̄e

G

R̄e

(
1− ϕ G(

R̄e
)2 1

1− ϕ G
R̄e

(Ret − R̄e)

)
.

The growth rate of fundamental price is therefore

aFt =
EtFt+1

Ft
≈ G(γ − ϕ(Rt − R̄e))

γ − (Rt − R̄e)

with γ = 1
ϕ

(R̄e)
2

G

(
1− ϕ G

R̄e

)
.

A.2. Cointegration

If we assume that Ret = R > 1 for all t we can rewrite (3) as

Ft =

∞∑
i=1

R−iEt [Dt+i]

=

∞∑
i=1

R−iDt +

∞∑
i=1

Et

R−i i∑
j=1

∆Dt+j


=
∞∑
i=1

R−iDt +
∞∑
i=1

Et

 ∞∑
j=1

R−j∆Dt+i


=

R−1

1−R−1
Dt +

1

1−R−1

∞∑
i=1

Et
[
R−i∆Dt+i

]
.
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Subtracting R−1

1−R−1Dt on both sides yields (8).

A.3. Variance bound test in logs

Cochrane (2011) uses the approximate present value relationship derived using the
Campbell and Shiller (1988) log-linear approximation of the return:

pd t = Et

 ∞∑
j=1

ρj−1∆dt+j

− Et

 ∞∑
j=1

ρj−1rt+j


with ρ = PD/(1+PD), PD being the value about which one linearizes and imposing the
transversality condition limj→∞ ρ

jpd t+j = 0. Multiplying each side by pd t − pd where

pd = E[pd ] and take unconditional expectations:

Var(pd t) =

∞∑
j=1

Cov(ρj−1∆dt+j , pd t)−
∞∑
j=1

Cov(ρj−1rt+j , pd t).

Dividing by Var(pd t), we have

1 =
∞∑
j=1

ρj−1βdj −
∞∑
j=1

ρj−1βrj (A.1)

where βij is the coefficient of a univariate regression of the j’th lead of variable i ∈ {d, r}
on pd t. If the transversality condition fails to hold, we have:

pd t = Et

 ∞∑
j=1

ρj−1∆dt+j

− Et

 ∞∑
j=1

ρj−1rt+j

+ bt

Where bt fulfills Et[bt+1] = ρ−1bt. Repeating the same steps:

Var(pd t) =
∞∑
j=1

Cov(ρj−1∆dt+j , pd t)−
∞∑
j=1

Cov(ρj−1rt+j , pd t) + Cov(pd t, bt)

Maintaining that Cov(pd t, bt) > 0, a test of whether the transversality condition in this
approximate present value model holds is given by

Hvd
0 :

∞∑
j=1

ρj−1βdj −
∞∑
j=1

ρj−1βrj = 1 vs. Hvd
1 :

∞∑
j=1

ρj−1βdj −
∞∑
j=1

ρj−1βrj < 1. (A.2)
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B. Present value model

B.1. Derivation

For the purpose of the alternative parameterizations considered in Section 6.2, it is
convenient to work with a more general variance process:

ht+1 = (τ + αε2h,t+1)(1− β) + βht.

I now derive an expression for the fundamental price dividend ratio. Rearranging (3)
yields

Ft
Dt

=
∞∑
i=1

Et

exp

 i∑
j=1

(∆dt+j − ret+j−1)

 . (B.3)

Denote the period t price of a cash flow i periods ahead as PDt,i. The conjecture is
that

PDt,i
Dt

= exp(fi(∆dt, r
e
t , ht)) = exp (ai + bd,i∆dt + br,ir

e
t + ciht) . (B.4)

Verify this conjecture by induction. If (B.4) holds for a a particular i, then (B.3) implies
that

exp(fi+1(∆dt, r
e
t , ht)) = Et

[
exp(fi(∆dt+1, r

e
t+1, ht+1)) exp(∆dt+1 − ret )

]
exp (ai+1 + bd,i+1∆dt + br,i+1r

e
t + ci+1ht) = Et

[
exp

(
ai + bd,i∆dt+1 + br,ir

e
t+1 + ciht+1 + ∆dt+1 − ret

)]
.

Substituting the processes:

Et
[
exp

(
ai + (bd,i + 1)(µd + ϕd(∆dt − µd) + σd

√
htεd,t+1)

+br,i(µr + ϕ(ret − µr) + σr
√
htεr,t+1)− ret + ci((τ + αε2h,t+1)(1− β) + βht)

)]
= exp (ai + (bd,i + 1)µd(1− ϕd) + br,iµr(1− ϕr) + ciτ(1− β) + (bd,i + 1)ϕd∆dt + (br,iϕr − 1)ret + ciβht)

Et
[
exp

(
(bd,i + 1)σd

√
htεd,t+1 + br,iσr

√
htεr,t+1 + ciα(1− β)ε2h,t+1

)]
.

To develop the expectation, apply Lemma 1 from Ang and Liu (2004): if ciα(1−β) < 0.5,
then

Et
[
exp

(
ciα(1− β)ε2h,t+1

)]
= exp (−0.5 log(1− 2ciα(1− β))) .

So the whole expression becomes

exp (ai + (bd,i + 1)µd(1− ϕd) + br,iµr(1− ϕr) + ciτ(1− β)− 0.5 log(1− 2ciα(1− β))

+(bd,i + 1)ϕd∆dt + (br,iϕr − 1)ret + ((0.5bd,i + 1)2σ2
d + 0.5b2r,iσ

2
r + ciβ)ht

)
,
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yielding

ai+1 = ai + (bd,i + 1)µd(1− ϕd) + br,iµr(1− ϕr) + ciτ(1− β)− 0.5 log(1− 2ciα(1− β))

bd,i+1 = (bd,i + 1)ϕd

br,i+1 = br,iϕr − 1

ci+1 = (0.5bd,i + 1)2σ2
d + 0.5b2r,iσ

2
r + ciβ.

The initial condition is

exp(a1 + bd,1∆dt + br,1r
e
t + c1ht) = Et

[
exp(µd + ϕd(∆dt − µd) + σd

√
htεd,t+1 − ret )

]
= exp(µd(1− ϕd) + ϕd∆dt + 0.5σ2

dht − ret ).
Yielding:

a1 = µd(1− ϕd)
bd,1 = ϕd

br,1 = −1

c1 = 0.5σ2
d.

B.2. Stability

I follow an argument similar to Lettau and Wachter (2011). From (20), (21) and the
restrictions on the coefficients, we have that bd,i and br,i follow first order difference
equations that converge, respectively, to

b̄d =
ϕd

1− ϕd
.

b̄r = − 1

1− ϕr
.

Consequently, the steady state of (22) is given by

c̄ =
0.5(b̄d + 1)2σ2

d + 0.5b̄2rσ
2
r

1− β
.

From (19) we therefore have that

ai+1 − ai → µd − µr − 0.5 log(1− 2c̄α(1− β)) + ciτ(1− β) as i→∞.
Hence, a necessary condition for fi(gt, r

e
t , ht)→ −∞ as i→∞, is ā < 0, where

ā = µd − µr − 0.5 log(1− 2c̄α(1− β)) + ciτ(1− β).

Or, equivalently, that

µr > µd − 0.5 log(1− 2c̄α(1− β)) + ciτ(1− β),

i.e. that the mean discount rate is larger than mean dividend growth plus a Jensen
Inequality adjustment for the mean variance of the variables. For the case of constant
discount rate r and homoscedastic white noise dividend growth, this condition reduces
to the familiar expression r > µd + 0.5σ2

d (see e.g. Froot and Obstfeld, 1991).
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B.3. Approximation

The pricing coefficients (19) through (22) are computed exactly for n∗ terms and the
remainder is approximated by a geometric sum. For simplicity, define

dit := ai + bd,i∆dt + br,ir
e
t + ciht.

We have that

∞∑
i=1

exp(dit) =
n∗∑
i=1

exp(dit) +
∞∑

i=n∗+1

exp(dit) =:
n∗∑
i=1

exp(dit) + et.

As shown in Section B.2, in the limit ∆dit = ā. So we have

et ≈ exp(dn
∗
t )

∞∑
i=n∗+1

exp(ā(i− n∗))

= exp(dn
∗
t − n∗ā)

( ∞∑
i=1

exp(ā)i −
n∗∑
i=1

exp(ā)i

)

= exp(dn
∗
t − n∗ā)

(
exp(ā)

1− exp(ā)
− exp(ā)

1− exp(ā)n
∗+1

1− exp(ā)

)
=

exp(dn
∗
t + 2ā)

1− exp(ā)
.

In the computations, setting n∗ = 500 appears to be a reasonable trade-off between
computational speed and precision.

C. Data and estimation

C.1. Data

C.1.1. Monthly dataset

I compute RV t from daily ex-dividend returns (VWRETX) in the value-weighted dataset
CRSP from 1926 to 2016

RV t =
∑
d∈t

(rxd)2,

where rxd the ex-dividend return in the daily dataset and {d} the index of days.
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C.1.2. Annual dataset

In the CRSP data, returns Rat are given by the yearly value-weighted cum-dividend
return index. The dividend series is constructed as Da

t = (Rat − Rxt a)Pt−12 where Rxt
a

is the yearly ex-dividend return index and Pt−12 is the index value at the end of the
previous year. All variables are converted to real terms using the Consumer Price Index
for All Urban Consumers from FRED.

C.2. Aggregation

Annual returns are the sum of monthly returns,

rat =

11∑
i=0

rt−i,

for t ∈ {12, 24, . . .}. Annual reinvested dividends are given by

Da
t = Dt +

11∑
i=1

Dt−i exp
(∑i

j=1 rt−i+j

)
for t ∈ {12, 24, . . .}. To compute realized returns from the model output, I use that:

Rt+1 =
Pt+1 +Dt+1

Pt
=
Pt+1/Dt+1

Pt/Dt+1
+
Dt+1

Pt
=

(
Pt+1/Dt+1

Pt/Dt
+
Dt

Pt

)
exp(∆dt+1)

= exp(∆dt+1)

(
Pt
Dt

)−1(
1 +

Pt+1

Dt+1

)
.

Taking logs:
rt+1 = ∆dt+1 − log(Pt/Dt) + log(1 + Pt+1/Dt+1).

Similarly, for ex-dividend returns, we have:

Rxt+1 =
Pt+1

Pt
=
Pt+1/Dt+1

Pt/Dt+1
=

(
Pt+1/Dt+1

Pt/Dt

)
exp(∆dt+1)

= exp(∆dt+1)

(
Pt
Dt

)−1( Pt+1

Dt+1

)
.

Taking logs:
rxt+1 = ∆dt+1 − log(Pt/Dt) + log(Pt+1/Dt+1).

The price dividend ratio with respect to annual dividends is given by

pdat = log

(
Pt
Dt
×Dt × (Da

t )−1

)
.
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C.3. Scores

Denote by T the number of monthly observations. The log likelihood of the monthly
observations RV , conditional on an initial observation, is

`(RV |η1,RV 0) ∝ −1

2

T∑
t=1

(
log η2

3 +
(RV t − η2 − gt)2

η2
3

)
.

The derivative with respect to the scale parameter η2
3 is

−1

2

T∑
t=1

(
1

η2
3

− (RV t − η2 − gt)2

η4
3

)
.

The derivative with respect to η2 is

∂`(RV |η1,RV 0)

∂η2
=

T∑
t=1

RV t − η2 − gt
η2

3

(
1 +

∂gt
∂η2

)
.

And the derivative with respect to η01 = (η0, η1)′ is

∂`(RV |η1,RV 0)

∂η01
=

T∑
t=1

RV t − η2 − gt
η2

3

∂gt
∂η01

.

For t > 1, we have:

∂gt
∂η0

= RV t−1 + η1
∂gt−1

∂η1

∂gt
∂η1

= gt−1 + η1
∂gt−1

∂η1

∂gt
∂η2

= η1
∂gt−1

∂η2
.

Setting g1 = E[gt] = η0η2/(1− η0 − η1) gives the initial conditions for t = 1:

∂g1

∂η0
=

η2

1− η0 − η1
+

η0η2

(1− η0 − η1)2

∂g1

∂η1
=

η0η2

(1− η0 − η1)2

∂g1

∂η2
=

η0

1− η0 − η1
.

Expressions for the scores of the VAR can be found in a textbook treatment of maximum
likelihood estimation of a VAR (e.g. Chapter 3 of Luetkepohl, 2005).
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C.4. Two step standard errors

Denote the parameters and sample sizes of the first and second stage as θ1 and θ2,
respectively. The moment equations are given by

g1(θ1) = E
∂

∂η1
`(RV t|RV t−1,θ1, η̂1) = 0

g2(θ2,θ1) = E
∂

∂η2
`(yt|yt−1,θ2,θ1, η̂2) = 0.

Denote the index of years as A = {12, 24, . . . , n × 12} so that n is the sample size in
years. Also define year as

year(s) = min
t∈A
t≥s

{t}

and denote by B the number of simulated paths. The sample counterpart of the moment
conditions is

g1,n(θ1) =
1

n

∑
t∈A

1

B

∑
b

∑
year(s)=t

∂

∂η1
`(RV b

s|RV b
s−1,θ1, η̂1)

g2,n(θ2,θ1) =
1

n

∑
t∈A

1

B

∑
b

∂

∂η2
`(ybt |ybt−1,θ2,θ1, η̂2).

Also let

H1(θ1) =
∂

∂θ1
g1(θ1)

H2(θ2,θ1) =
∂

∂θ2
g2(θ2,θ1)

H2,1(θ2,θ1) =
∂

∂θ1
g2(θ2,θ1)

and

H1,n(θ1) =
∂

∂θ1
g1,n(θ1)

H2,n(θ2,θ1) =
∂

∂θ2
g2,n(θ2,θ1)

H2,1,n(θ2,θ1) =
∂

∂θ1
g2,n(θ2,θ1).

I now list some high level assumptions that allow for a derivation of the asymptotic
variance.
Assumption 1. The moment conditions at the estimated parameter values permit the
following asymptotic representations:

1.
g1,n(θ̂1) = g1,n(θ1) +H1,n(θ̂1)(θ̂1 − θ1) + op(1)
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2.

g2,n(θ̂2, θ̂1) = g2,n(θ1,θ2) +H2,n(θ̂2, θ̂1)(θ̂2 − θ2) +H2,1,n(θ̂1)(θ̂1 − θ1) + op(1).

Assumption 2. The scores obey a central limit theorem

√
n

(
g2,n(θ1,θ2)
g1,n(θ1)

)
d→ N

(
0,

(
Σg,1 Σ′g,1,2
Σg,1,2 Σg,2

))
.

Assumption 3. The following quantities converge in probability:

1.
H1,n(θ̂1)

p→H1(θ1)

2.
W1,n

p→W1

3.
H2,n(θ̂2, θ̂1)

p→H2(θ1,θ2)

4.
H2,1,n(θ̂2, θ̂1)

p→H2,1(θ1,θ2)

5.
W2,n

p→W2.

C.4.1. First step

This step is the standard derivation of the asymptotic variance for GMM and only
repeated here for completeness. The criterion to be minimized is

g1,n(θ1)′W1,ng1,n(θ1).

So the estimates θ̂1 fulfill the first order conditions

0 =
∂

∂θ1
g1,n(θ̂1)′W1,ng1,n(θ̂1) = H1,n(θ̂1)′2W1,ng1,n(θ̂1).

Using Assumption 1:

0 = H1,n(θ̂1)′W1,n

[
g1,n(θ1) +H1,n(θ̂1)(θ̂1 − θ1)

]
+ op(1).

Rearranging

θ̂1 − θ1 =
[
−H1,n(θ̂1)′W1,nH1,n(θ̂1)

]−1
H1,n(θ̂1)′W1,ng1,n(θ1) + op(1).
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Under Assumptions 2 and 3, we have that

√
n(θ̂1 − θ1)

d→ N (0,Σθ1),

where

Σθ1 =
[
H1(θ1)′W1H1(θ1)

]−1
H1(θ1)′W1ΣgW1H1(θ1)

[
H1(θ1)′W1H1(θ1)

]−1
.

If we choose W1 = Σ̂g
−1

, this simplifies to

Σθ1 =
[
H1(θ1)′W1H1(θ1)

]−1
.

C.4.2. Second step

The criterion to be minimized is

g2,n(θ2, θ̂1)′W2,ng2,n(θ2, θ̂1).

So the estimates θ̂2 fulfill the first order conditions

0 =
∂

∂θ2
g2,n(θ̂2, θ̂1)′W2,ng2,n(θ̂2, θ̂1) = H2,n(θ̂2, θ̂1)′2W2,ng2,n(θ̂2, θ̂1).

Substituting Assumption 1 into the first order condition:

0 = H2,n(θ̂2, θ̂1)′W2,n

[
g2,n(θ1,θ2) +H2,n(θ̂2, θ̂1)(θ̂2 − θ2) +H2,1,n(θ̂1)(θ̂1 − θ1)

]
+op(1).

Rearranging:

θ̂2 − θ2 =
[
−H2,n(θ̂2, θ̂1)′W2,nH2,n(θ̂2, θ̂1)

]−1
H2,n(θ̂2, θ̂1)′W2,n

[
g2,n(θ1,θ2) +H2,1,n(θ̂1)(θ̂1 − θ1)

]
+op(1).

Substituting the approximation for θ̂1 − θ1 from the first step:

θ̂2 − θ2 =
[
−H2,n(θ̂2, θ̂1)′W2,nH2,n(θ̂2, θ̂1)

]−1
H2,n(θ̂2, θ̂1)′W2,n [g2,n(θ1,θ2)+

H2,1,n(θ̂1)

([
−H1,n(θ̂1)′W1,nH1,n(θ̂1)

]−1
H1,n(θ̂1)′W1,ng1,n(θ1)

)]
+ op(1).

Under Assumptions 2 and 3,

√
n

(
θ̂1 − θ1

θ̂2 − θ2

)
d→ N

(
0,

(
Σθ1 Σ′θ1,2
Σθ1,2 Σθ2

))
,
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where

Σθ2 = M2H2(θ1,θ2)′W2H2(θ1,θ2)M2

+M2H2(θ1,θ2)′W2H2,1(θ2,θ1)′Σθ1H2,1(θ2,θ1)W2H2(θ1,θ2)M2

+M2H2(θ1,θ2)′W2Σg,1,2W1H1(θ1)Σθ1H2,1(θ2,θ1)′W2H2(θ1,θ2)M2

+M2H2(θ1,θ2)′W2H2,1(θ2,θ1)Σθ1H1(θ1)′W1Σ
′
g,1,2W2H2(θ1,θ2)M2

and

Σθ1,2 = M2H2(θ1,θ2)′W2Σg,1,2W1H1(θ1)Σθ1 −M2H2(θ1,θ2)′W2H2,1(θ1)Σθ1 ,

letting W1 = Σ̂−1
g,1 and W2 = Σ̂−1

g,2 and defining M2 = [H2(θ1,θ2)′W2H2(θ1,θ2)]−1.

C.5. Computational implementation

I set the length of the simulated sequence in years, B, equal to 500. In order to account
for local minima and non-smoothness in (25) and (27), minimization is performed using
the differential evolution algorithm (Storn and Price, 1997) using the implementation by
Mullen et al. (2009). When experimenting with tuning parameters of the optimization,
I find that the differential evolution algorithm reliably converges to the same minimum
for both criteria. The software implementation is in R, with computationally intensive
operations performed in C++ using Rcpp (Eddelbuettel et al., 2011). All user-written
functions and the preprocessed data are contained in the R package “Bubbles” that can
be downloaded from my website.

D. Auxiliary results for the tests and further test specifications

D.1. Recursive OLS formulas for SADF test

For easy reference, I derive recursive formulas for computation of OLS here. Assuming
for convenience that up to k periods before period 0 are observed, define the regressor
matrix and the vector of dependent variable up to period t, respectively, as

X(t) =

1 Pt−1 ∆Pt−1 ∆Pt−2 . . . ∆Pt−k
...

1 P0 ∆P0 ∆P−1 . . . ∆P−k+1

 and y(t) =


∆Pt

∆Pt−1
...

∆P1


and

X(t+1) =

1 Pt ∆Pt ∆Pt−1 . . . ∆Pt−k
...

1 P0 ∆P0 ∆P−1 . . . ∆P−k+1

 and y(t+1) =


∆Pt+1

∆Pt
...

∆P1

 .

31



The OLS estimator at a given iteration is

β̂t+1 = (X ′(t+1)X(t+1))
−1X ′(t+1)y(t+1). (D.5)

We can check that
X ′(t+1)X(t+1) = X ′(t)X(t) + x′(t+1)x(t+1). (D.6)

Similarly,
X ′(t+1)y(t+1) = X ′(t)y(t) + x′(t+1)y(t+1). (D.7)

Using (D.5), we have

X ′(t+1)X(t+1)β̂t+1 = X ′(t+1)y(t+1)

= X ′(t)y(t) + x′(t+1)y(t+1)

= X ′(t)X(t)β̂(t) + x′(t+1)y(t+1)

= (X ′(t+1)X(t+1) − x′(t+1)x(t+1))β̂(t) + x′(t+1)y(t+1).

Solving for β̂t+1,

β̂t+1 = β̂(t) + (X ′(t+1)X(t+1))
−1x′(t+1)(−x(t+1)β̂(t) + y(t+1)).

Since inversion of (X ′(t+1)X(t+1))
−1 is computationally costly, we can apply the Wood-

bury matrix identity to (D.6) to get

(X ′(t+1)X(t+1))
−1 = (X ′(t)X(t))

−1−(1+x(t+1)(X
′
(t)X(t))

−1x′(t+1))
−1(X ′(t)X(t))

−1x′(t+1)x(t+1)(X
′
(t)X(t))

−1.

For the t statistics, we need an estimate of the error variance. We have

σ̂2
(t+1) =

1

t+ 1− k

t+1∑
i=1

(yi − x′iβ̂t+1)2,

for which there is little benefit in terms of computational speed from recursive compu-
tation, so I re-estimate the residuals at each step in the recursion.

D.2. Cointegration test in logs

Following Timmermann (1995), when applying the cointegration test in logs, I allow
for a drift. In order to mitigate the effect of the resulting nuisance parameter in the
distribution, the first stage regression includes a trend,

pt = αci
0 + αci

1 t+ βcidt + uci
t , uci

t ∼ i.i.d.

The second stage is again an ADF regression on the residual,

∆ûci
t = βciût +

k∑
i=1

φci
i ∆ûci

t−i + εci
t , εci

t ∼ i.i.d. (D.8)

Critical values are again taken from the corresponding table in MacKinnon (2010).
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D.3. Variance bound test in logs

For the variance ratio test in the log-linear approximation, I estimate rt
∆dt
pdt

 =

 ar
ad
apd

+

 br
bd
bpd

 pdt−1 +

 ur,t
ud,t
upd,t

 ,

 ur,t
ud,t
upd,t

 ∼ N (0,Ωvd
)
. (D.9)

Under (D.9), the sums of regression coefficients in (A.2) are given in simple closed form
as
∑∞

j=1 ρ
j−1βdj = bd/(1− ρbpd) and

∑∞
j=1 ρ

j−1βrj = br/(1− ρbpd).

D.4. Constrained sampling from the asymptotic distribution

I now describe the approach of sampling from the covariance matrix, subject to samples
having the same Mahalanobis distance to the estimate. Denote the drawn parameter
vector by θ̃ and let S = Σ̂−1. Draws of θ̃ need to fulfill

d2 = (θ̃ − θ̂)′S(θ̃ − θ̂), (D.10)

where d is the required distance. The spectral decomposition of S is QΛQ′, with Q
orthogonal and Λ diagonal. Applying the decomposition, the condition becomes

d2 = (θ̃ − θ̂)′QΛQ′(θ̃ − θ̂) =

k∑
i=1

y2
i λi,

where we let y = Q′(θ̃ − θ̂) and denote the diagonal elements of Λ by λi. From the
modified condition, it is easy to see that the following algorithm generates draws of θ̃
that fulfill (D.10):

1. Draw z from a multivariate standard normal distribution.

2. Let

y =
dz√∑k
i=1 z

2
i λi

.

3. Compute θ̃ = θ̂ +Qy.
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E. Additional results

E.1. Estimation results using price payout ratios

Table E.1: Estimation result

µ̂d µ̂r ϕ̂d ϕ̂r σ̂d σ̂r α̂ β̂ γ̂ σ̂rv
est 0.0019 0.0129 0.8737 0.9809 0.0712 0.0107 0.0080 0.7442 -0.0056 0.0024
s.e. 0.0014 0.0012 0.0543 0.0165 0.1927 0.0322 0.0023 0.0825 0.0021 0.0008

Qn(θ̂2) = 6.862, p-value: 0.076.

E.2. Simulations under the null hypothesis

Table E.2: Rejection frequencies under H0 at five percent level, lag length selection by
BIC

Explosive growth tests

ADF SADF Cointegration test

n levels logs levels logs levels logs

100 13 6 82 8 50 11
250 15 7 88 8 67 12
500 20 8 92 9 78 20

Rejection frequencies are reported in percentage points. The desired decision of the tests for explosive
growth is non-rejection, the desired decision of the cointegration tests is rejection.

Table E.3: Rejection frequencies under H0 at five percent level, lag length selection by
Schwert’s rule of thumb

Explosive growth tests

ADF SADF Cointegration test

n levels logs levels logs levels logs

100 13 9 82 81 50 11
250 16 8 88 85 65 12
500 21 9 92 86 75 20

Rejection frequencies are reported in percentage points. The desired decision of the tests for explosive
growth is non-rejection, the desired decision of the cointegration tests is rejection.
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Gaĺı, J. and L. Gambetti (2015). The Effects of Monetary Policy on Stock Market
Bubbles: Some Evidence. American Economic Journal: Macroeconomics 7 (1), 233–
57.

Gallant, A. R. and G. Tauchen (1996). Which Moments to Match? Econometric
Theory 12 (4), 657–681.

Gallant, A. R. and G. Tauchen (2010). Simulated score methods and indirect inference
for continuous-time models.

Giglio, S., M. Maggiori, and J. Stroebel (2016, May). No-Bubble Condition: Model-Free
Tests in Housing Markets. Econometrica 84 (3), 1047–1091.

Hansen, P. R., Z. Huang, and H. H. Shek (2012, September). Realized GARCH: a joint
model for returns and realized measures of volatility. Journal of Applied Economet-
rics 27 (6), 877–906.

Lettau, M. and J. A. Wachter (2011, July). The term structures of equity and interest
rates. Journal of Financial Economics 101 (1), 90–113.

Luetkepohl, H. (2005). New introduction to multiple time series analysis. Springer
Science & Business Media.

MacKinnon, J. G. (2010). Critical values for cointegration tests. Working Paper 1227,
Queen’s Economics Department Working Paper.

Martin, A. and J. Ventura (2012, October). Economic Growth with Bubbles. The
American Economic Review 102 (6), 3033–3058.

Mullen, K. M., D. Ardia, D. L. Gil, D. Windover, and J. Cline (2009). DEoptim: An R
package for global optimization by differential evolution.

Phillips, P. C. B., S. Shi, and J. Yu (2014, June). Specification Sensitivity in Right-
Tailed Unit Root Testing for Explosive Behaviour. Oxford Bulletin of Economics and
Statistics 76 (3), 315–333.

Phillips, P. C. B., S. Shi, and J. Yu (2015a, November). Testing for Multiple Bub-
bles: Historical Episodes of Exuberance and Collapse in the S&p 500. International
Economic Review 56 (4), 1043–1078.

36



Phillips, P. C. B., S. Shi, and J. Yu (2015b, November). Testing for Multiple Bubbles:
Limit Theory of Real-Time Detectors. International Economic Review 56 (4), 1079–
1134.

Phillips, P. C. B., Y. Wu, and J. Yu (2011, February). Explosive Behavior in the
1990s NASDAQ: When did exuberance escalate asset values? International Economic
Review 52 (1), 201–226.

Phillips, P. C. B. and J. Yu (2011, November). Dating the timeline of financial bubbles
during the subprime crisis. Quantitative Economics 2 (3), 455–491.

Schorfheide, F., D. Song, and A. Yaron (2014, July). Identifying Long-Run Risks: A
Bayesian Mixed-Frequency Approach. Working Paper 20303, National Bureau of Eco-
nomic Research.

Shiller, R. J. (1981). Do Stock Prices Move Too Much to be Justified by Subsequent
Changes in Dividends? The American Economic Review 71 (3), 421–436.

Storn, R. and K. Price (1997, December). Differential Evolution – A Simple and Ef-
ficient Heuristic for global Optimization over Continuous Spaces. Journal of Global
Optimization 11 (4), 341–359.

Timmermann, A. (1995, January). Cointegration tests of present value models with a
time-varying discount factor. Journal of Applied Econometrics 10 (1), 17–31.

Van Binsbergen, J. H. and R. S. J. Koijen (2010, August). Predictive Regressions: A
Present-Value Approach. The Journal of Finance 65 (4), 1439–1471.

37


	Introduction
	Tests for bubbles and tests of auxiliary hypotheses
	Explosive growth
	Cointegration between prices and dividends
	Variance ratio test

	Model
	Estimation
	Data
	Score generator
	Simulated Score method
	Estimates

	Test specifications
	ADF test
	SADF test
	Cointegration test
	Variance ratio test

	Performance of tests under the fundamental hypothesis
	Simulations
	Drivers of over- and under-rejection

	Performance of the tests under the fundamental and the bubble hypothesis
	Bubble process
	Simulations

	Conclusion
	Derivations related to the auxiliary hypotheses
	Fundamental price growth in linearized model
	Cointegration
	Variance bound test in logs

	Present value model
	Derivation
	Stability
	Approximation

	Data and estimation
	Data
	Monthly dataset
	Annual dataset

	Aggregation
	Scores
	Two step standard errors
	First step
	Second step

	Computational implementation

	Auxiliary results for the tests and further test specifications
	Recursive OLS formulas for SADF test
	Cointegration test in logs
	Variance bound test in logs
	Constrained sampling from the asymptotic distribution

	Additional results
	Estimation results using price payout ratios
	Simulations under the null hypothesis


